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THE LOWER LIMITS OF THE LIMIT LOADS OF
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A general method of obtaining the lower limits for limit loads is described, the essentials of which are as
follows. The load acting on a structure is represented in the form of a functional series in powers of certain
fundamental loads, for each of which, applied separately, the limit load coefficient (LLC) or a lower
estimate for it is found. Using those estimates, the corresponding statically admissible stress fields and the
coefficients of the expansion in the functional series, the lower limit is found for the LLC for the initial load
distribution. Using the system of lower limits of the LLC for fundamental loads, a lower limit of the LLC for
any distribution, including an alternating-sign distribution, can be found. This can be very useful when the
load distribution on the structure changes with time, as in the case of exposure to snow or wind.

MosT studies of limit loads ([1-5] and elsewhere) are devoted to the formulation and use of the
kinematic method of the theory of limiting equilibrium, which gives an upper limit for the limit load.
Finding lower limits is a more difficult problem, owing to the fact that the statically admissible stress
fields constructed at each point of the structure must exceed the plasticity condition. Verification of
this point-by-point inequality is a separate problem for each stress field, requiring either analytical
estimates or numerical calculations. The various approaches used for structures of different types
([6-12], etc.) have proved to be very time-consuming and not as simple as the kinematic method.
Many of the estimates ([13-16], etc.) merely reduce to choosing statically admissible stress fields in
particular cases. Only a lower limit, however, can provide an estimate for the safe load of a
structure.

1. Let the stressed state of a rigid plastic or an elastic perfectly plastic structure be described by
generalized stresses Q, defined in a certain region S [17]. Each component F,, of the generalized load
F=(Fy, F,, ..., F,) acting on the structure is the distribution vector of a certain part of the
generalized load over the corresponding surface or line D, (v =1, 2, . .., p) (some of which might
be due to bulk forces).

Suppose that there is a representation of the initial load in series form

F = ZlymF("'), Tm = 0; F™ = ™, F™) (1.1)
m =

The vector functions F™ are defined on the same sets D, (v=1, 2, . . ., p), where the series is
component-wise weakly convergent to Fin L?(D, ). Foreach M = 1,2, . . ., we consider the partial
sum of the series Fpy = % FO+ 3, FP + . | + v, F™ and denote by a, o, ay the LLC for
separately applied loads F, F" and F,,, respectively.

Suppose that for each of the generalized loads F™ applied separately, a lower limit for the LLC
has been found: o =af™; it might be that the exact value of a™ is known. Then there exists a
generalized stress field Qf™ which balances the load af™ F®™ and does not exceed the yield point:
f(QF™)=<1. Here fis a convex stress function, positively uniform of the first degree, characterizing
the form of the plasticity condition.
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We write
-1
oy :[ AEII Y| aj =—a,°w S g Jm, Q™
l.m:[ a(()’")J M sup_gf(Q;,)’ M m=1a6 ) ~o

It 1s clear that a},= a}, and the stress field a3, Q}; is statically admissible for the load aj F,, (the
equilibrium equations are assumed to be linear). It therefore yields a lower limit for the LLC a, for
Fur

A’ < < ol 1 MM
MM —~ \AM = “pf \1.4.)

We will write the principle of virtual power for generalized real stresses Q, strain rates q and
translational velocities v in a state of collapse corresponding to the load of aF

n Mv

/ FvdD, (1.3)
1Dy

qudS

We now write the principle of virtual power with respect to real generalized stresses Q,, in a state
of collapse corresponding to the load «,;F,, and the velocity field v

u M'a

ngqu = f FyvdD, (1.4)

1Dy,

From the local maximum principle [18] we have Q,,q=<Qq, and thus from (1.3) and (1.4)

a = oy [( E fFMvdD,,)/( 2 J FvdD,)] (1.5)
ve= 1Dy
Owing to weak component-wise convergence of the sequence Fy—F as M— o, the limit of the
ratio written in square brackets exists and is equal to one. Taking the upper limit [19] as M— « in
(1.15) (the ordinary limit might not exist), we have a=lim a,,.
Finally, from (1.2), we obtain the limit

a Sa, S« (1.6)
- - it Tm -t
= lim ey ; @ = limay, = limaj, =( z (m)) (M - =)
=1a,

Thus, to find a lower limit for the LLC ¢ for load (1.1), only the values of the constants ¥,, and
estimates a§f™ of the LLC are needed for each load F™ applied separately. To obtain a more
accurate limit a, , we also need information on the corresponding statically admissible stress fields
Q{™, and the accuracy of this estimate depends, in turn, on the choice of those fields. The stress
fields QY™ can be constructed directly, by fixing all but a few parameters and then maximizing the
lower limit of the LLC with respect to those parameters. Furthermore, the solutions of simpler or
known problems, as well as those of similar problems, such as those of the theory of elasticity, can
also be used.

As a special case, it follows from (1.6) that if the loads F* (m = 1, 2, . . .) are limit loads, then
the load (1.1) is safe or limiting for

Z v <S1, vm=20

m=1

2. We will consider the problem of finding the LLC for a prismatic rod for the joint action of an
axial force T and a moment M (the two loads increase in proportion to the same parameter). Let 3.;
be the components of the stress tensor in the Cartesian system of coordinates X; (i, j = 1, 2, 3), with
X; axis along the rod. We introduce dimensionless variables x; = X,/d, o; = Z;/0,, t= T/(d 20,),
m = M/(d?a,), where d is the characteristic length, and o, is the yield point. As usual
o1y = 093 = g3 = 0, and the other components of the stress tensor are subject to the von Mises yield
condition o33 +3(0%3 + 033 ) < 1.
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For a rod of circular cross-section S, with circumference x7+x% =1 (in the case here d is
dimensionless radius of the rod) when only one of the loads is acting the LLC are ([20], p. 69):
o = m|t|™!, a3 = 2n(3V3|m|)~. When an axial force t and a torque m are acting jointly taking

Yi=v2=1l, y3=y=...=0 in (1.1) and (1.2) we obtain the estimate a=Zay=
27(2|t]+3V3|m|)~". The corresponding statically admissible stress fields

0513) sign¢, 0(1) =0 (F+j<e6), 012) = 0(2) =0

og? = —x,R, 0523) xR, R =signm[3(x}+x})]™"?

yield the estimate
a>a, = ainfglod; +3(o}; +02,3)] %
= (w/a) o) +(@/es) ofP

In this case, clearly, ,
@, = ofog(af +a3) ™% = 2n(d4r* +27m?) 7"

Curves 1 and 2 in Fig. 1 are the boundaries of the range of statically admissible values of f and m
corresponding, respectively, to LLC ag and a,, i.e. the factors {(8¢, fm): 0<B<ay} and {(Bt, Bm):
0=B=a,}. The result for a, is practically the same as the exact solution (the limit curve [20, p. 53]
is the dashed line).

For a rod of rectangular cross-section S bounded by straight lines 2|x,| =1, 2|x,| = 5 (p<1),
when only one of the loads is acting, the LLC are [20, p. 70]

a; =it o = PG -mI2V3ImD!

The statically admissible stress fields have the form (x = +1)

(1) _ (1) (2) o 52)

033 =signt, oy’ =0 (i+j<6). o0, =0y 0
0 k3 in triangle M, OM,
@ _ —xk/\3 @ _ 0 intrapezium M, 0,0, M,
%5 T ) o 923 "~ —~k/v/3" intriangle M,O0OM,
k/\V3 0 in trapezium M, 0,0, M,

(Fig. 2). Then, as before, we have the limits
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af a5 (a5 +a3) % = P B =n)[n* (3 —-mPt*+432m?] 7"

]

a0y
aza

]

*

If the coefficients of |m| and |¢| in Fig. 1 are replaced, respectively, by 12V3/[%*(3 — )] and
1/(27), curves 1 and 2 will correspond to LLC ag and a,, in this case; there is no exact solution of the
problem.

3. Consider a circular or annular plate 0<a<r<b of constant thickness 2/ subjected to a
distributed transverse bending load p (r). Here p(r) is a certain Riemann-integrable function, which
is of alternating sign in the general case, and r is the radial coordinate. We introduce dimensionless
variables ¢ = pb*My!, x = r/b, n = a/b, where M, = o, h°.

We define the sequence of partitions P,: n = xf’<x{V<.. . <x{?=1(n=1,2,...) such that

lim max Axgn) =0, Ax,(") = x,-(") »x,!'i)l

n—ow 1KIi<n

and in the segment [n, 1] we consider the step function ¢, which, on (x{,, x{"™), takes the value
q (™), where ¢ € [x{;, x{]. The values of the function at the ends of the interval are arbitrary.
It can be shown that the sequence ¢, converges to g(x) with respect to the norm L? (and,
furthermore, converges with respect to the norm L').

Suppose that a lower limit for the LLC (a°(z;, ;) is known in the case where the distribution of
the dimensionless load is identical with the characteristic function K(z;, z;, x) of any segment [2;,
2]C1In, 1}: K(z1, 22, x) = 1 if x€[z;, 2], and K(z;, 22, x) = 0 otherwise. Under the Tresca and
the von Mises yield conditions a°(z;,2,) is also the lower limit for the load distribution
—K(z;, 23, x). Then for the step function

kﬂ
n = 2 a@IKD,, 7,0

from (1.6) we obtain the following limit for the LLC

k (n) -1
a, > o =[ Z? ___l_?_.(_tf_)_l__] (3.1)

t=1 a®(x{M,, x(M

The corresponding limit for an arbitrary initial load distribution has the form

&)G!Q = —le— oz,‘:.

- o

Consider, for example, a uniform circular spherically supported plate 0 = n<x<1 under the
Tresca yield condition. In this case [20, p. 114} the exact value of the LLC is

@’(z1,22) = 6[3¢% —2}) - 2(z3 -z}
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Substituting this value into (3.1) and using the definition of a Riemann integral, we obtain the limit
for the LLC for an arbitrary load distribution

-1
aZop = (‘{1 g 1x(1 —x)a’x) 3.2)

In the case where the function g (x) has constant sign, aq is the exact value of the LLC [21], and
the equality applies in (3.2).

Suppose, for example, that g(x) = ¢q; + (g2 — g1 )x (¢; and g, are constants); to fix our ideas take
41>0, g><0. The limit (3.2) takes the form

a>12(q, - 42)° @1 - 247 92 — 29,43 +a3)™"
For a stepped load

4]
a(x)= I q;K(a;,bi,x), @, <b;<a,<...<bh,
i=1
and from (3.2)
n et
> 6 T 1411307 - a})- 20} - a)))
L=

In the limit, this provides the limit for a set of concentrated annular loads P; uniformly distributed
around the circles

n -1
x;=a (=1,2,...,n), a>2ﬂ[ ZiPil(l—a,-)]
i=1

4. Consider a hollow shell of constant thickness 2Ah, of rectangular cross-section 0<X;=<a,
0< X, <b, the entire edge of which is clamped, and which is bent by a transverse load p(X;, X3).
We assume, as usual, that the middle plane of the shell can be described by the equation

2Z = H+K X, +K, X, + K1 X2 +2K,2 X, X, + Ky, X2
H, K;, K;j = const (i, =1,2)

The equations of equilibrium of a shell in dimensionless variables have the form [22]
Rty =00 g+, =0 (4.1)
kypnyy #2kion00 v hoattgy +myy 4y +2my; 10 + Mgy 05 = —q(xy, X3)

x; = Xifa, 0<x;<1, 0<x,<7 =0bla, k= 2a’K;/h

my = My/Mo, ny; = N;/No, My = agh®, Ny = 200k, q = pa*/M,
(the comma in the subscripts denotes differentiation with respect to the respective dimensionless
coordinate). Here k; are the dimensionless curvatures, M;; and N; are the moments and shear

forces, and o is the yield point for uniaxial tension.
We consider the Hodge plasticity condition [23]

Hmy <1, Hp) <1 (4.2)
HD =1} — Ly +13,+31; I=mn

When the edge is clamped, every force and moment field which satisfies Eqs (4.1) and the
plasticity condition will be statically admissible.
The system of equations (4.1) reduces to the single equation

(myy +k229),01 +2(my2 ~Ky29), 12 +(M2y +hy1 ) 22 = —4(X1,X2) (4.3)

where the forces in the shell are related to the stress function ¢ by the equations
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nyy = @22, M2 T 311, M2 = ~¢ 12 (4.4)

We express the function g(x,, x,) in the form of a double Fourier cosine series

oo oo

X2
q(xy,x2) = Z  Yamcosnmxycosmp—— = Z 1 Ym Onm
n.m=290 n n,m=20
We use the notation
X2 . . Xz
Qum = Spym COSATXy COSMT ——,  Pppm = Sy, sinnwx, sinmy —
n n

where s,,,,, = 1 if v,,,,, =0 and s,,,,, = —1 otherwise.

We find the limits o5, for each of the basic loads ¢,,, ; we then obtain the corresponding limit of
the LLC for the initial load distribution ¢ (x, , x; ), allowing for convergence of the Fourier series for
norm L?, using the formula

- { Ynm | o
aZzq={ T —F 4.5)
n,m=0 Qup

Thus, we consider the shell subjected to the load g = A,,,,gum . If nm#0, we can represent the
distribution of moments and the stress function in the form

Myy = Cpm t€2Pnm> M1z = C3lnm Y CaPnm 4.6)
Myy = Csqnm *C6Pum> ¥ = €19nm * Cs Pnm '

(c1, ¢, . . ., cg are constants). Substituting (4.6) into (4.3) and equating coefficients of p,,,, and g,,,,,
on the left- and right-hand sides, we obtain

Apm = 72[0%(Cy +Kp207) = 2nmn 7 (g — K1z Ce) +mPn 72 (cs +Ky,09)] 4.7)
0 = n*n?(c; +kyycs) — 20mn(c; — k15 Cq) + M (06 +kyyCs) (4.8)
We now substitute (12) and (14) into (10). After similar algebra, we arrive at the system of
inequalities
Aqm + BiPum Anm +CiPim <1 (i = 1,2) (4.9)
Here
Ay = ¢l —cies+ct+3c3 20
By = 20,0y — €1 Cg +6C3C4 — €205 +205C5, €y = €3 — €06 +¢¢ +3¢3 2 0
Ay = By} +B2c 20, By = 2(By +B2)Crcs, €z = By +hyc7 =0
B, = n*(m*n ™t —n’m?n 2 +n*) > 0, B, = 3nPm?r*nt >0

It can be shown that system (4.9) will be satisfied at each point of the middle plane of the shell only if
A, <1, ¢ <1, 4, <1, (<1 (4.10)

From the theory of limiting equilibrium, the best lower estimate of a7, is obtained by solving the
following non-linear programming problem for each pair #, m (nm#0): find the maximum value of
A, as a function of ¢{, ¢z, . . ., cg, With conditions (4.8) and (4.10).

For a plate (k; = 0), an explicit limit can be found

o = W2[Nr2 +s® +2-37%nmn™')
r=n?+min?, s=3"%m?-mip?)
If n#0, m = 0, the force and moment field is taken in the form

myy = —C14no, Maz = —8(x2)dno. M1z = ~(CaX2 +C5)Pp, @ = —Colno
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Then from Egs (4.4) it follows that ny; = ny; = 0, ny, = cen°mq,g. After substitution into (4.3),
we obtain A,y = —(kpce+ ¢, )n*m? + 2c,nm+ 2¢, . The system of inequalities

®(g)eos’nmx, +3(cax, +¢5)lsin?nnx, <1, c2n®n*cos?nmx, <1
®g) = ¢ —c,8+8?
will be satisfied for all x, €[0, 1] only if
D(g) <1, 3(caxytcs) <1, cin'n® <1 (4.11)

The numbers c; and ¢ = c3+ Y2c, 7)” are extremal values of the function g(x,) in the segment [0,
n]. Since the largest value of the positive quadratic function ®(g) is reached at one end of the
interval, satisfaction everywhere on the plate of the first of the inequalities (4.11) is equivalent to the
system

B(cy) €1, D). <1 (4.12)
The second and third inequalities in (4.11) will be satisfied for all x, €[0, 5] only if
les | < 37% Jeantes | <37% oo | < (nm)™? (4.13)

It is clear that if conditions (4.12) and (4.13) hold, then the maximum value of A, is made up of
the maximum of the function B,q= —c,n’m?+8(c—c3)n 2 under conditions (4.12) and the
maximum of the function 2c,n7 — kycen®m? under (4.13).

Both maxima are defined explicitly; as a result, we obtain the limit

ase = 2(n*n*n? +192772)(576 + 3n*n%n*) "% + 4. 3 Yna/m
A similar limit can be obtained for load gqq,,, (m #0):
agm = 2(m*nin"? +1920%)(5767* +3m*n*) "% + 4.3 Bmayn

To find the limit o, we take the base load to be a uniformly distributed load of intensity
qoo =500 In that case, the generalized force field can be written in the form

_ 2 2. -2 -

myy = Seo(—C1 X% +¢0%n7% +1), Ny = ~Sp0Ca
_ 2, -2 2 _

My = Soo(—Cy V0% +e,x% +1), N3 = —8p0Cs
_ T _

my, = SeoC3x¥7n N2 = —S908

x=x,—%, ¥y =x,-Y%n
where ¢, ¢;, .. ., c¢ are constants. We find the corresponding load on the shell from the second
equation of (4.1)
q = Ago900. Ago = Boo +Cyo
Boo = ki1€4 +2ky306 thages, Coo = 2¢;(1 +072) =2¢3n7!
The second inequality of (4.2) in this case has the form
€3 —cqcs +c? +3¢2 < 1 (4.14)
Then
miy —my myy +m3y +3mi, =
=ME* +y4n™) = (D, -3} )PPy + (6 — )X +¥PnP) +1 <
S UM+c; —c))(x? +y3 02y — (D) =3e})n 2 x?y2 + 1
M =c}+ecic;+¢c}, Dy = ¢} +4dcie, +c}

Since |x| <2, |y| <27, we have x* < Vax?, y*< Vay? 2.
We equate the following expressions to zero
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M+4(c; —-¢c;) =0, D, -3c¢2 =0 (4.15)

Then the first inequality of (4.2) obviously holds everywhere in the shell.
Thus, the maximum value of A, is made up of the maximum of By with the condition (4.14) and
the maximum of Cy, under (4.15). It can be shown that the former is equal to

2-37%(k? +hyyKay +kd,y +kE)%
We look for the maximum of Cyg in the case (4.15) as the maximum of a function of one variable

Coo(c1) = 2¢,(I+n7%)+2.3 %71 {/D,
2¢, = —4—c; /Dy, D, = -3¢} +24¢, + 16

with D=0, D, =0, the second inequality being equivalent to 4—8 x 37 "2<¢c; <4+ 8x 37 "2, This
is an easy problem to solve by numerical methods.

A computer algorithm for the numerical calculation of the lower limits of hollow shells based on the above
technique has been written for the EC-1060 computer. A fixed number of terms of the series is used, and the
non-linear programming problem of finding maxA,,,, with constraints (4.8), (4.10) is solved repeatedly, using
the NPGLM program based on the method of penalties. Optimal plans obtained can, owing to the known error
of the method, be either inside or outside the range defined by (4.8) and (4.10). In any case they should be
projected on to the boundary of that range, that is, multiplied by numbers which will project them on to the
boundary. A correction of this kind is possible, owing to the linearity of the entire problem and the uniformity

of the restraints.
We will estimate the load-carrying capacity of a clamped shell, the middle plane of which is described by the

equation
Z = H[1 - 2(X,/a - A)* - 2(X,/b - %)*]
for two different load distributions:
g = Yaw*y~ 'sinmx;sinmx,/n  (the solid line)
and
q =36m"2x;x,(1—x,)(1—x/n) (the dashed line),

corresponding to the same total load on the shell. We take h/a = 0.02. The graphs obtained from a numerical
calculation of the dependence of the LLC a = «(8), 8 = H/a for constant 7, as well as @ = a(7) at constant &,
are shown in Fig. 3. The limit (4.5) converges rapidly as the number of terms retained in (1.1) increases, and an
error of less than 1% is obtained by keeping the first nine or ten terms of the series for each coordinate.

REFERENCES

1. RZHANITSYN A. R., The Limiting Equilibrium of Plates and Shells. Nauka, Moscow, 1983.



11.

12.

13.

14.
15.

16.

17.
18.
19.
20.
21.
22.

23.
24,

Lower limits of limit loads 705

. DEKHTYAR'’ A. S. and RASSKAZOV A. O., The Load-carrying Capacity of Thin-walled Structures. Budivel’nik,

Kiev, 1990.

. DEKHTYAR’ A. S. and YADGAROV D. Ya., The Shape and Load-carrying Capacity of Shell-casings. Ukituvchi,

Tashkent, 1988.

. DUBINSKII A. M., Calculation of the Load-carrying Capacity of Ferroconcrete Plates and Shells. Budivel’'nik, Kiev,

1976.

. RASSKAZOV A. O. and DEKHTYAR’ A. S., The Limiting Equilibrium of Shells. Vishch. Shkola, Kiev, 1978.
. KOOPMAN D. and LANCE R., Linear programming and the theory of limiting equilibrium. In Mechanics, Periodic

Collection of Translated Papers From Abroad, No. 2, pp. 150-160, 1966.

. VIRMA E., Linear programming and the theory of limiting equilibrium. Sbornik Nauch. Trudov Est. Sel’.-khoz. Akad.

53, 35-50, 1969.

. PROTSENKO A. M., Possibilities and peculiarities of the use of the Bubnov-Galerkin method in problems of the

limiting equilibrium of shells. In Research on the Theory of Structures, No. 19, pp. 20-27. Stroiizdat, Moscow, 1972.

. MOSOLOV P. P. and MYASNIKOV V. P., Mechanics of Rigidly Plastic Media. Nauka, Moscow, 1981.
. HODGE R. and BELYCHKO T., Numerical methods of analysing the limiting state of slabs. Trans. ASME Ser. E

Applied Mechanics 35, 192-201, 1981.

LYUBIMOV V. M. and MYSHEV V. D., Finding lower limits for the limit load by the method of finite elements.
Reports to the All-Union Conference on Variational Difference Methods in Mathematical Physics, Novosibirsk, Vych.
Tsentr Sib. Otd. Akad. Nauk SSSR, pp. 82-90, 1981.

KUKUDZHANOV V. N., LYUBIMOV V. M. and MYSHEV V. D., A method of finding lower limits of limit loads. In
Numerical Methods in the Mechanics of a Solid Deformable Body, pp. 138-148. Vych. Tsentr Akad. Nauk SSSR,
Moscow, 1984,

MIRZABELKYAN B. Yu., Finding a lower limit for the load-carrying capacity of shells. Stroit. Mekhanika i Raschet
Sooruzhenii 3, 21-23, 1968.

SAMARIN V. G., Limiting equilibrium of plates with holes. Stroit. Mekhanika i Raschet Sooruzhenii 3, 27-28, 1968.
KARPENKO N. 1. and REITMAN M. 1., The lower limit for the load-carrying capacity and optimum design of
ferroconcrete slabs. Proc. VI All-Union Conference on the Theory of Shells and Plates, pp. 451-456, Baku, 1966, Nauka,
Moscow, 1966.

SOBOTKA Z., Staticke reseni mezni unosnosti obdelnikovych desek s energetickymi podminkami plasticity. Stavebn.
casop. SAV. 16, 7-27, 1968.

HODGEF. G., Plastic Analysis of Structures. Mashgiz, Moscow, 1963.

KACHANOV L. M., Fundamentals of the Theory of Plasticity. Nauka, Moscow, 1969.

RUDIN W., Principles of Mathematical Analysis. Mir, Moscow, 1966.

SOKOLOVSKII V. V., Theory of Plasticity. Izd-vo Akad. Nauk SSSR, Moscow and Leningrad, 1946.
KLYUSHNIKOV V. D., Mathematical Theory of Plasticity. 1zd-vo MGU, Moscow, 1979,

REKACH V. G., Manual on the Solution of Problems of the Applied Theory of Elasticity. Vyssch. Shkola, Moscow,
1973.

OL’SHAK V. and SAWCHUK A., Unelastic Behaviour of Shells. Mir, Moscow, 1969.

Software for the EC computer. No. 55. Package of Scientific Subroutines. Pt.27. Adaptive optimization, Inst.
Matematiki Akad. Nauk BSSR, Minsk, 1985.

Translated by R L.



